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ABSTRACT
When estimating the abundances which result from a given star formation event, it is custom-
ary to treat the IMF as a series of weight factors to be applied to the stellar yields, as a function
of mass, implicitly assuming one is dealing with an infinite population. However, when the
stellar population is small, the standard procedure would imply the inclusion of fractional
numbers of stars at certain masses. We study the effects of small number statistics on the
resulting abundances by performing an statistical sampling of the IMF to form a stellar popu-
lation out of discrete numbers of stars. A chemical evolution code then follows the evolution
of the population, and traces the resulting abundances. The process is repeated to obtain an
statistical distribution of the resulting abundances and their evolution. We explore the manner
in which different elements are affected, and how different abundances converge to the infi-
nite population limit as the total mass increases. We include a discussion of our results in the
context of dwarf spheroidal galaxies and show the recently reported internal dispersions in
abundance ratios for dSph galaxies might be partly explained through the stochastic effects
introduced by a low star formation rate, which can account for dispersions of over 2 dex in
[C/O], [N/O], [C/Fe], [N/Fe] and [O/Fe].
Key words: chemical evolution– stars: Luminosity function, mass function– stars: statistics
– Galaxy: stellar content – galaxies: dwarf.
1 INTRODUCTION
The study and modeling of the chemical consequences and effects
of star formation in galaxies has traditionally grown out of chem-
ical evolution models originally designed to explain the observed
abundances and abundance gradients measured for the Milky Way.
It has since been customary to treat the distribution of stellar masses
through a probability function, the IMF. When dealing with a large
galaxy, or a large star formation episode in general, it is therefore
justified to think of the IMF as a densely sampled probability func-
tion. In practice, this translates into chemical evolution codes where
the IMF appears as a series of weighting factors to be applied to the
heavily mass dependent stellar yields, when calculating the overall
enrichment produced by a population of stars.
In going to small star formation events, individual star forming
regions, or fractions of small galaxies e.g. the stellar populations
of local dSph’s recently available to detailed observation however,
the fundamental assumption of chemical evolution codes, that the
IMF is a densely sampled probabilistic distribution function, breaks
down. If we are dealing with a small star formation event, calculat-
ing the resulting chemical consequences will require the explicit
inclusion of the probabilistic nature of the IMF, in a regime where
this function is being only poorly and discretely sampled.
The chemical consequences of this change in regime are am-
plified by the strong power law character of the IMF, further com-
pounded by the heavily mass weighted dependence of the stellar
yields. In large stellar populations of fixed total mass, the actual
number of stars with masses beyond 8 M⊙ might vary by only a
fraction of a percent, due to the intrinsic variance associated with
the probabilistic sampling of the IMF. The resulting intrinsic vari-
ance in the final yields will be correspondingly small, and is hence
customarily ignored. If the total mass being turned into stars is of
up to a few thousand M⊙ however, the intrinsic probabilistic vari-
ance of a standard IMF will lead one to expect only between 0 and
a few stars beyond 8 M⊙ . It is clear that the resulting intrinsic vari-
ance to be expected in the final chemical yields resulting from such
a population will be of a very large factor, with correlations and dis-
tributions heavily dependent on both the total mass, and the actual
element being studied. Considering typical efficiency factors of a
few percent, a star formation episode resulting in a few thousand
stars implies of order 105 M⊙ in total gas mass involved.
The equivalent statistical variance in the light output of a stel-
lar population has been studied (e.g. Tonry & Schneider 1988,
Cervin˜o & Valls-Gabaud 2003). The most important practical ap-
plication of which has been the development of the surface den-
sity fluctuation method of distance determination in galaxies, Tonry
& Schneider (1988). Similarly, such studies lead to the realiza-
tion that the intrinsic variances in populations of even thousands
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of stars, in certain observed bands or emission lines, is substan-
tial, and has to be taken into account. Using results of population
synthesis codes which assume the IMF has been densely sampled,
and which yield a unique answer for certain observed properties
of a stellar population of fixed mass and metallicity, can lead to
the over-interpretation of observations (Cervin˜o & Valls-Gabaud
2003), and to the invoking of physical causes (changes in the IMF,
differences in age or metallicity), when what one is observing is
merely the result of a poorly sampled IMF.
Recent observational determinations of abundances in dSph
galaxies have often shown substantial internal variations and fluc-
tuations within single galaxies. For example, internal dispersions in
[α/Fe] vs. [Fe/H] in observations of dSph’s (Venn et al. 2004, see
also figure 8 in this paper) and in nearby dIrr galaxies (e.g. van Zee
& Haynes 2006) have been reported. These results have been inter-
preted as evidence of complex gas flows and galactic wind episodes
in dSphs (Carigi et al. 2002, Marcolini et al. 2006, Ikuta, & Ari-
moto 2002, Fenner et al. 2006, Lanfranchi & Matteucci 2007) and
in dIrr (Pagel 1997, Carigi et al. 2006), although the high dark mat-
ter content of these systems (e.g. Gilmore et al. 2007), and the low
star formation rates (e.g. Hernandez et al. 2000) might make large
scale gas loss unfeasible. Internal variations in the IMF have also
been proposed, as has the possibility of having an IMF with a lower
upper mass limit or a steeper index e.g. Weidner & Kroupa (2005).
Other authors, (e.g., Goodwin & Pagel 2005 and references therein)
have also suggested that in galaxies with low star formation rates,
the upper mass limit for stars formed might be fixed at a lower value
than what is inferred for the Milky Way disk. Perhaps, the apparent
lower mass limit in low star formation rate systems is merely the
consequence of a poor sampling of a standard IMF, due to the low
mass of the star forming complexes in these systems, as suggested
for example, by Massey (1998). More recently, Kroupa & Weidner
(2003) and Weidner & Kroupa (2004) have convincingly argued
that an upper mass limit for star formation events exists. Here we
adopt the above result, and show that even if an upper mass limit
for stellar masses exists, in going to low total mass star formation
events, an effective reduced upper limit appears, linked to the total
stellar mass, as a natural result of the stochastic sampling of the
IMF.
In this paper we explore the option for observed variations in
abundances being partly the result of intrinsic statistical variances
in a discretely and poorly sampled standard IMF. It is to be expected
that the stochastic effects on the metallicities resulting from small
star formation events will decrease as the initial gas metallicity in-
creases, and the elements produced become progressively a smaller
addition to a growing pool of already present heavy elements. Con-
versely, in going to lower initial metallicities, the stochastic effects
will increase, and will be felt for even larger star formation events,
becoming maximal in the cases of small star formation events oc-
curring in gas of primordial or very low initial metallicities, inter-
estingly, the scenario envisioned for the first phases of star forma-
tion in dwarf galaxies.
Koeppen et al. (2007) calculated the stochastic effects on the
resulting chemical output, of linking variations in the upper stel-
lar mass limit of a stellar population to the total stellar mass, to
successfully reproduce the galactic mass metallicity relation, in
the absence of galactic winds. Here we extend the exploration of
the stochastic effects of the IMF sampling, beyond the considera-
tion of continuous IMF with changing upper mass limits, to fully
stochastic collections of stars, where the probabilistic effects of the
sampling appear at all masses. Although the strongest effect on the
resulting metallicities comes from the changes in the effective up-
per mass, the spread in resulting metallicities for populations of a
fixed mass, appears only in this completely probabilistic approach,
across the entire stellar mass range being considered. In the case
of the chemical consequences of these effects, Cervin˜o & Molla
(2002) and Cervin˜o & Luridiana (2006) have developed a thor-
ough theoretical probabilistic formalism, and show the effects to
be substantial, even for stellar populations where one might naively
think numbers offer ’statistical samples’. In this paper we develop
an alternative approach, more statistical than probabilistic, gaining
much in clarity and directness, albeit tending somewhat more to the
descriptive than the predictive.
We simulate stellar populations having various total masses by
sampling directly an assumed IMF, this produces a discrete collec-
tion of stars, which is then used as input for a chemical evolution
code. We explore the resulting abundances as functions of the initial
metallicity and the total mass, by following directly the yields and
enrichment consequences of each individual star formed. Repeating
the process a large number of times yields a distribution of metal-
licities resulting from the same input parameters. Recently Ces-
cutti (2008) applied precisely such a formalism to study the spread
in neutron capture elements for low metallicity stars in the Solar
Neighborhood. We shall see that the interesting effects described
by this author can also play a part in understanding the large inter-
nal spreads in abundance ratios observed in local dSph galaxies.
The paper is organized as follows: The construction of a dis-
crete IMF is described in section 2, with the chemical evolutionary
code, and an analysis of the final results given in section 3. A com-
parison of these in the case of observed abundances for galactic
dSph’s is presented in section 4, and a general discussion of the
temporal progression of the chemical evolutionary code appears in
section 5. Our conclusions are summarized in section 6.
2 SETTING UP A DISCRETE IMF
The first step is the construction of a discrete IMF, consisting of
a set of individual stars. We first choose an underlying probabilis-
tic IMF, which will be sampled to produce the many discrete IMFs
to be used. We take the fit given by Kroupa et at. (1993) to this
function, henceforth KTG. Specifically, a three power-law approx-
imation, given by IMF ∝ m−α, with α = −1.3 for 0.1 - 0.5 M⊙ ,
α = −2.2 for 0.5 - 1.0 M⊙ and α = −2.7 for 0.5 - 100 M⊙ .
The details of our study are only slightly dependent on this
choice, all our results would be qualitatively equivalent if any other
function where used. In any case, in the present paper we aim at
identifying and describing the chemical consequences of low star
formation regimes, rather than at making precise predictions for
any particular case.
We take the KTG IMF, with a lower and upper mass limits
of 0.1 M⊙ and 100 M⊙ respectively, and integrate it to obtain the
cumulative distribution, which is then normalized to 1. A random
number generator then provides numbers between 0 and 1, which
are used to select stellar masses from the above function. The pro-
cess is repeated until the total stellar mass reaches some predeter-
mined number, and a particular realization of a discrete IMF is
completed. For each of the 8 values for the total stellar mass ex-
plored, 0.05 × (104.0, 104.5, 105.0, 105.5106.0, 107.0, 108.0)M⊙ a
large number of such realizations were constructed, each in turn
made up of a particular collection of stars, as the random seed for
each realization was taken differently. It is these collections of stars,
treated and followed individually, which will form the inputs for the
chemical evolutionary code described in the following sections.
c© 2008 RAS, MNRAS 000, ??–13
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Figure 1. (Left) Particular random realizations of discrete initial mass functions for low and medium stellar total masses. For a star formation efficiency of
5%, the gas available and used to form stars is Mstars = 0.05 × (104.0 , 104.5, 105.0 and 105.5) M⊙ . The total stellar mass formed is indicated in each
panel, in units of M⊙ . (Right) Particular random realizations of discrete initial mass functions for high stellar total masses. For a star formation efficiency of
5%, the gas available and used to form stars is Mstars = 0.05× (106.0 , 107.0 and 108.0) M⊙ . The total stellar mass formed is indicated in each panel, in
units of M⊙ .
Once the collections of stars are ready, we first compute the
actual resulting discrete IMF, by binning the obtained stars into in-
tervals of fixed logarithmic width in mass, and compare the results
to the underlying probabilistic IMF. Figure 1 presents one particular
realization of a discrete IMF, for each one of the masses explored,
with the numbers appearing in each panel giving the total stellar
mass in each such IMF. As can be seen in the panels corresponding
to low total stellar masses, the discrete IMFs appear as collections
of points, the solid squares shown. The multi-valued appearances
are due to the width of the squares, this discrete IMFs are in fact
full of gaps, evident at the higher stellar masses in each case. The
detached series of points seen at the bottom of the lower total stel-
lar mass IMFs are defined by particular stellar mass ranges where
only one star is found in the statistical sampling of the underly-
ing KTG IMF which gave rise to the plotted discrete IMF. Similar
series mark stellar masses where exactly two, three, etc. stars ap-
peared in each mass bin. The curved appearance of this features be-
ing due to the fixed logarithmic interval used in the binning along
the horizontal axis.
The solid curves give the underlying probabilistic KTG IMF
used in all cases. It is illustrative to see how the discretely sampled
IMFs converge to the probabilistic KTG function as the total stel-
lar mass increases. Also, it is evident that even up to the case of
a total stellar mass of 16,000 M⊙ , corresponding to a star forma-
tion episode involving typically around 105.5M⊙ of gas, the dis-
crete IMF has still not converged to the underlying KTG function
in the region where progenitors of SN type II are found. This leads
one to expect substantial intrinsic variance in the resulting yields
and metallicities, even at this relatively high masses. We see clearly
how the low mass weighted underlying IMF, compounded with the
strong leverage afforded by the heavily high mass weighted yields,
has large potential to lead to significant intrinsic variances in fi-
nal yields and metallicities associated with star formation events in
the range of even massive HII regions, and certainly small sections
of local dSph galaxies. At the low mass cases one requires to run
the IMF sampling hundreds of times before a single, say, 50 M⊙
star appears in an IMF realization. Thus, in practice, one is dealing
with an effective IMF showing a low upper mass cut-off. Studies
indicating low mass limits to empirically determined IMFs, could
equally well be interpreted as measures of the total mass of the star-
forming complexes one is observing, e.g. the results of Goodwin &
Pagel (2005). We also note the results of Weidner & Kroupa (2004)
who show that for the KTG upper mass slope in the IMF, an upper
limit stellar mass necessarily exists, and explore the effects of the
maximum stellar mass appearing in a certain stellar cluster being a
function of the cluster mass. The above results are consistent with
figure 1, the stochastic sampling effects giving effective maximum
stellar masses which decrease with the total stellar mass of a pop-
ulation, providing a causal mechanism for the linking of the upper
stellar mass to that of the stellar population found in Weidner &
Kroupa (2004).
Being the elements produced by Type Ia super novas (hence-
forth SNIa) some of the most well studied elements in chemical
evolution studies, and being also easily measured in stars, they
clearly are a feature which we are interested in deriving results
for, particularly Fe. We shall assume the single degenerate sce-
nario within red-giants plus white-dwarf systems for the formation
of SNIa, thought to occur when a white dwarf star accretes mate-
rial from a red giant companion through Roche lobe overflow. In
that scenario, the progenitors of SNIa are binary systems formed
by two low or intermediary mass stars, (m < 8 M⊙ ) and there-
fore the binary systems of interest will be modeled as having total
masses in the range 2.65M⊙ < m < 16M⊙ . The lower limit of
2.65M⊙ comes from adding a minimum stellar mass required for
the white dwarf of 0.80 M⊙ , and a minimum helium nucleus mass
for the red giant of 1.85 M⊙ , see Matteucci (2001). The SN explo-
c© 2008 RAS, MNRAS 000, ??–13
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sion occurs at the end of the lifetime of the secondary star, m2 (red
giant).
Following Greggio & Renzini (1983), before entering the
chemical evolution code we construct a set of binaries having a
total combined mass given by 5 % of the stellar mass between 2.7
and 16 M⊙ . For each binary system of total mass mb, which is
taken to follow the same underlying IMF as the single stars, the
secondary mass is obtained by sampling the normalized distribution
function f(m2) = 24(m2/mb)2, which yields the mass m2 and
therefore the time of the explosion for each SNIa. We hence only
construct and follow binaries in the mass range relevant for SNIa
formation. Greggio (2005) presents a slightly revised treatment for
SNIa, but comments that the changes with respect to Greggio &
Renzini (1983) are only minor, for which reason, we keep the pre-
scription of the latter. Those binaries with a total mass between 2.65
and 16 M⊙ form a discrete collection of systems which will be the
progenitors of SNIa.
3 CHEMICAL EVOLUTION MODELS
Once a discrete IMF has been constructed, as detailed in the pre-
ceding section, the resulting set of individual stars and binaries is
used as input for a full chemical evolution model. A detailed de-
scription of the code can be found in Carigi (1994) and Carigi et al.
(2005), here we only outline the physical assumptions.
3.1 Model Parameters
With the aim of obtaining results which are easy to compare against
well known chemical models, we chose to run only closed box
single burst models. Closed box chemical evolution models are
a benchmark against which to compare, are easy to understand,
and will serve as a simple and well known test case. More real-
istic chemical evolution models might allow a fuller description
and might yield a better comparison with observations (e.g. the
self consistent chemical and physical models of Carigi et al. 2002,
which include gas infall and galactic winds), but the details and
many parameters involved would make it difficult to see clearly the
consequences of the effect we are exploring, which can be clearly
grasped if the problem is simplified to isolate the effect in question.
The closed-box models we run are in effect a controlled experiment
for the chemical consequences of discrete sampling in the IMF, at
the low mass regime. For example, Koppen et al. (2007) explore
the chemical consequences of linking an upper stellar mass limit
to the total mass of a star formation event, comparing also against
the case of closed-box models, to cite one recent example of such
a usage of closed box models.
The star formation of this single burst of duration ∆t =
3 × 10−2 Gyr is hence SFR(t) = 0.05Mtot/∆t for t <
∆t and SFR(t) = 0.0 for the rest of the evolution, where
the values for the total initial gas masses, Mtot, into which the
yields of the diverse collections of stars are being injected are:
(104.0, 104.5, 105.0, 105.5, 106.0, 107.0 and 108.0)M⊙ . Assuming
a fixed star formation efficiency of 0.05, this results in the total stel-
lar masses of the discrete IMFs of figure 1. The code follows the
lifetime of each individual star and binary, for a fixed total time
span of 13 Gyr. In our code, we assume the lifetimes change with
the initialZ using the lifetime data for Z = 10−5, 0.004, and Z⊙by
Meynet & Maeder (2002), by Meynet & Maeder (2001), and by
Meynet & Maeder (2000), respectively. A 0.03 Gyr lifetime corre-
sponds to a 8-9 M⊙ star, for the three metallicities of stellar popu-
lation assumed in this paper, but we do not consider enrichment by
massive stars during the stellar burst. We are thinking of the star
formation of a dSph galaxy as the sum of many small total mass star
formation events, the mass of which can then be estimated, through
requiring that resulting internal spreads in abundances match ob-
servations. We do not consider exchange of any type of material
among stellar populations, therefore we follow the evolution of the
ISM for stellar populations formed in a closed box scenario. Sim-
ilarly Cescutti (2008) consider random formation of new stars in
different regions where each region does not interact with the oth-
ers.
For each value of the total mass, three initial metallicities
are tested, Zi = 10−5 to represent a ’primordial’ gas metallicity,
to which we shall henceforth refer to as ’primordial metallicity’,
Zi = 0.004, and a solar value of Zi = 0.02, Z⊙, with respective
initial helium values, Yi, of 0.25, 0.258, and 0.275. The value of
Yi = 0.25 was taken from WMAP, Yi=0.258 is obtained consider-
ing ∆Y/∆Z = 1.97, (Carigi & Peimbert 2008), and Yi = 0.275
is the solar value determined by Anders & Grevesee (1989) and the
initial stellar helium fraction of the yields considered in this work
for Z⊙(Maeder 1992). For all other heavy elements mentioned, the
initial abundances were scaled to solar values.
We shall refer to the fraction of material produced and ejected
by a star during its total lifetime as its yield. All yields are taken
as dependent on the metallicity of the stars, Z, except for the case
of the SNIa’s. The detailed yields used here are those found by
Carigi et al. (2005) to optimally reproduce solar vicinity observed
abundances, again, our conclusions, being mostly qualitative, are
robust to this particular choice of yields. A brief description of the
yields used follows.
For massive stars, those with 8 < m/M⊙ < 100, we have
used yields from Meynet & Maeder (2002), henceforth MM02, for
Z = 10−5 and Z = 0.004 and yields by Maeder (1992, henceforth
M92) for Z = 0.02 (their high mass-loss rate). As M92 do not
give complete N yields, we took N yields for Z⊙by Hirschi et al.
(2005). Since those yields are computed until pre-SN stage, we use
Fe yields by Woosley & Weaver (1995, henceforth WW95) (their
Models B, for 12 to 30 M⊙ ; their Models C, for 35 to 40 M⊙ ).
M92 and MM02 stellar evolution models assume stellar winds, but
WW95 does not, therefore it is not valid to combine M92 or MM02
yields with WW95 yields using the initial stellar mass. Therefore,
we have connected the MCO , mass of the carbon-oxygen cores,
from the Geneva group toMCO from WW95 using the prescription
given in Portinari et al. (1998) to find the Fe yields for each initial
stellar mass. After these assumptions, Fe yields for m > 40 M⊙
are similar to those for m = 40 M⊙ , that is, almost zero for low
Z or slightly negative for high Z.
For low and intermediate mass stars (LIMS), those with 0.8 6
m/M⊙ 6 8, we have used yields by Marigo, Bressan & Chiosi
(1996, 1998), and Portinari et al. (1998) for Z = 0.004 and
Z = 0.02. Only for LIMS we use the same Z = 0.004 yields
for the stellar population of Z = 10−5. Yields for SNIa we have
taken from Thielemann, Nomoto & Hashimoto (1993), who also
show that in this case, yields are largely independent of Z. For each
set of yields, linear interpolations for different stellar masses were
made. For masses higher than those available we adopted the yields
predicted for the highest stellar mass available. All models start at
[Xi/Xj]=0.0 when Xi and Xj are both heavy elements, as we have
scaled the initial abundances to solar, except for H and He.
In order to more clearly understand the [Xi/Xj] values ob-
tained by our models, we summarize the previous stellar yields by
type of stars and initial metallicity, listing, to first order, the prin-
c© 2008 RAS, MNRAS 000, ??–13
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cipal producers of various elements. O coming mostly from MS of
any metallicity and LIMS with low Z, as a minor contribution.
C comes from LIMS and from massive stars between 8-12 M⊙ of
any metallicity and MS of solar metallicity. N is produced by LIMS
and Fe from SNIa with minor contributions from SNII. Finally, He
coming from MS and LIMS, of all metallicities.
Specifically, in massive stars: Fe is formed in the last main
burning by decay of Ni, its yield depends on the explosion mech-
anism (WW95). O is produced mainly in the pre-SN stage of stars
of any Z, but O yields are higher at low Z, when the stellar winds
are not important, while C yields behave opposite to O yields, C
yields for high Z are higher than for low Z. Massive stars with
high Z values have strong winds, lose a considerable amount of C,
leading to high C yields. Due to this C loss, the stars keep only a
small amount of C, needed to produce O, and consequently their O
yields are low. N yields are higher for high Z than low Z, because
N is synthesized from C and O during the CNO cycle in the stellar
interiors. If the star was born with high C and O abundance, the N
production is high (See M92, MM02, Hirschi et al 2005).
Moreover, LIMS synthesize large amounts of He, C and N.
O yields are null or negative for LIMS at high Z, but according
to Marigo et al. (1996, 1998), stars with m < 3 M⊙ and low Z
can produce non negligible amounts of O in the AGB and TP-AGB
stages, due to the low stellar winds (long duration of nucleosynthe-
sis bursts). C yields are lower at high Z, again because of the high
mass loss rate; stellar winds are intense in LIMS and stars have less
mass to produce heavy elements. N yields increases withZ in most
LIMS, because N production depends on the amount of C and O
available to burn hydrogen through the CNO cycle. However, the
N increase with Z does not apply at all masses because N synthesis
decreases with Z due to stellar winds. If the mass loss rate is high,
the duration and intensity of the N nucleosynthesis are lower (See
Marigo et al. 1996, 1998; Portinari et al. 1998). Very close binary
systems of LIMS, that is progenitors of SNIa, produce mainly Fe,
and in small amounts O and C. A SNIa ejects approximately 1.4
M⊙ of processed material, 44% correspond to Fe, 10 % to O, 2 %
to C, and the rest to S and Si, mainly (Thielemann et al. 1993).
3.2 Model Results
We now determine the range and distribution of metallicities and
metallicity ratios, associated to the non unique and probabilistic na-
ture of the poorly sampled IMFs which result from any given point
in our parameter space of total stellar mass and initial metallicity.
We take for each value of the total mass being explored, and at each
initial metallicity, a large number of distinct probabilistic IMFs,
and run them through the full chemical evolution code, following
each individual star and binary for 13 Gyr, and keeping track of
all ejected materials, at all stellar phases, for both single stars and
binaries.
In figure 2 we show a collection of final abundance ratios af-
ter 13 Gyr of evolution, for the gas, for 60 distinct statistical sam-
plings of the same underlying probabilistic KTG IMF, all having
the same total mass of Mtot = 104 M⊙ , all with the same initial
metallicity of Zi = 10−5. For comparison, the result of running a
standard chemical evolution model with the above parameters, un-
der the assumption of a densely sampled IMF, which then enters
only as weighting factors on the yields, is shown by the cross. It is
immediately apparent that very substantial intrinsic spreads of be-
tween 2 and 3 orders of magnitude result, as a consequence merely
of the low total mass being turned into stars. The distribution of
abundance ratios that results is not simply a normal distribution
Figure 2. Abundance ratios after 13 Gyr of chemical evolution for closed
box models having 104 M⊙ of gas with an initial primordial metallicity,
and a particular burst of star formation resulting in 500 M⊙ of stars, for
each of the points shown. We display with filled triangles the results of IMF
realizations where no SNIa appeared, filled squares cases where exactly one
SNIa appeared, and filled circles those where exactly two SNIa appeared.
The thick crosses represent final abundance ratios when the IMF is assumed
to have been densely sampled, the infinite population limit.
centered on the infinite mass limit given by the cross, but a heavily
skewed scattering of points which is hard to describe by any smooth
function. The causes of this complex distributions of points are of
course, the inherent variability of the IMF samplings that produced
the stars used by the chemical evolution model, compounded by the
strong mass dependence of the yields.
To facilitate the interpretation of this and subsequent figures,
we display with filled triangles the results of IMF realizations
where no SNIa appeared, filled squares cases where exactly one
SNIa appeared, filled circles those where exactly two SNIa ap-
peared, open triangles and open squares for the cases of three and
four, respectively. It is evident from the well defined groupings of
symbols seen in the right hand panels of figure 2 that the main drive
behind the extreme resulting variability, of several orders of mag-
nitude, is precisely the fortuitous number of SNIa allotted to each
particular realization. If the total initial gas mass of star forming
complexes in a small galaxy where of order Mtot = 104 M⊙ , the
extreme variability seen in figure 2 could be expected internally, if
the initial metallicity where very low, as current models of struc-
ture formation would suggest is the case for dSph and perhaps dIrr
galaxies.
It must be noted that given the probabilistic nature of the prob-
lem, the chemical outcome of a small star formation event can not
possibly be thought of as having a unique answer, as opposed to
what happens in the infinite total mass limit. Further, the infinite
total mass limit answer is not even a good ’average’ description
of what is happening at this low mass scale, not only does it not
coincide with the ’most probable’ outcome, indeed, hardly any par-
ticular realizations are found near it.
The strong negative correlations seen in the [C/O] vs. [O/H]
c© 2008 RAS, MNRAS 000, ??–13
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Figure 3. Abundance ratios after 13 Gyr of chemical evolution for closed
box models having 104.5 M⊙ of gas with an initial primordial metallicity,
and a particular burst of star formation resulting in 1,600 M⊙ of stars, for
each of the points shown. We display with filled triangles the results of IMF
realizations where no SNIa appeared, filled squares cases where exactly one
SNIa appeared, filled circles those where exactly two SNIa appeared, open
triangles and open squares for the cases of three and four, respectively. The
thick crosses represent final abundance ratios when the IMF is assumed to
have been densely sampled, the infinite population limit.
plot, of slope -1, is inherent to the quantities being plotted. In a
stellar population of Zi = 10−5, O is produced by massive stars
with m > 10 M⊙ , but C and N mainly by LIMS. Therefore,
high final [O/H] values imply an IMF with more MS or some very
massive stars with a similar amount and type of LIMS, and there-
fore similar C or N final abundance. In some models up to four MS
with m < 15 M⊙ are formed and in only very few models MS as
big as 90 M⊙ appear. Since C is produce also in MS but less than
O, and N is mainly synthesized by LIMS the [N/C] values show a
trend to decrease slightly with increasing [O/H]. A further second
order effect behind the steeper correlation in the [N/O] vs. [O/H]
plot is driven by the constraint of a fixed total stellar mass, O is
produced mostly by the massive stars, therefore having large quan-
tities of this element implies less material left to make lower mass
stars, and hence a somewhat reduced N production.
Together with figure 2, the following two figures, figures 3 and
4, form a sequence of increasing total stellar mass, at the same ini-
tial primordial metallicity of the models shown in figure 2. Figure
3 is analogous to figure 2, but for star formation episodes resulting
in total stellar masses of 1,600 M⊙ . We see similar distributions
to those shown in figure 2, with the scatter diminishing, and slowly
tending towards more regular distributions. However, although the
range of expected abundance ratios has gone down significantly, it
still covers orders of magnitude and is heavily skewed, the infinite
population limit is not in any respect a good prediction of what one
actually finds.
Figure 4 is analogous to figure 2, but for a series of star forma-
tion bursts resulting always in a 16,000 M⊙ total stellar mass. As
always, the underlying probabilistic IMF, initial primordial metal-
Figure 4. Abundance ratios after 13 Gyr of chemical evolution for closed
box models having 105.5 M⊙ of gas with an initial primordial metallicity,
and a particular burst of star formation resulting in 16,000 M⊙ of stars,
for each of the points shown. The thick crosses represent final abundance
ratios when the IMF is assumed to have been densely sampled, the infinite
population limit.
licity and stellar yields have been kept constant. In this case, the dis-
tribution of resulting final metallicities for the gas in the closed box
models, show significantly less scatter than in the previous cases.
Although the different results have not yet converged to the infi-
nite mass limit shown by the cross, and are still spread out over
almost 1 dex in [N/O], [C/O] and [O/Fe], the cloud of points is now
easily described by simple probabilistic functions. In Cervin˜o &
Luridiana (2006), it is shown how the distribution of integral prop-
erties of stellar populations, at fixed total mass, resulting from the
stochastic sampling of the IMF, first tends to a normal distribution,
and then converges to the infinite population limit. This is what we
see in figure 4, where abundance ratios like [N/O] still show evi-
dently skewed distributions, while for ratios like [C/Fe] vs. [Fe/H],
the distributions are more symmetric about the infinite population
limit.
Figures 5 and 6 are analogous to figures 2 and 3 but show re-
sults for a series of experiments starting this time from solar metal-
licity gas. As in the previous cases, the underlying probabilistic
IMF, initial metallicity and stellar yields have been kept constant,
only the random seed determining the stochastic sampling of the
KTG IMF has been changed in going from one particular realiza-
tion to another. In this case, the metals ejected by the stars formed
are enriching gas which already has a significant level of heavy
elements present, and hence the statistical variations in the final re-
sulting abundances and abundance ratios, are much smaller, only of
about 0.1 dex.
The correlations mentioned in connection to the previous fig-
ures are still evident, as are the groupings of symbols showing a
strong dependence of the results on the chance allotment of SNIa’s
for each realization. Also, note that the distribution of points in
figure 5 is far from smooth, and not only is it nowhere near con-
verging to the infinite total mass limit given by the cross, it does
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Figure 5. Abundance ratios after 13 Gyr of chemical evolution for closed
box models having 104 M⊙ of gas with an initial solar metallicity, and
a particular burst of star formation resulting in 500 M⊙ of stars, for each
of the points shown. We display with filled triangles the results of IMF
realizations where no SNIa appeared, filled squares cases where exactly
one SNIa appeared, filled circles those where exactly two SNIa appeared.
The thick crosses represent final abundance ratios when the IMF is assumed
to have been densely sampled, the infinite population limit.
not even center smoothly or in any easily describable manner about
said point. However, in going to the larger total mass of the mod-
els shown in figure 6, we again see that although the distribution
has not converged to the infinite population limit, it begins to tend
towards a much smoother situation.
We see also that as stellar lifetimes increase with increasing
stellar metallicity, in Figure 5 (Zi = 0.02), the number of models
with no SNIa’s is higher than that in figure 2 (Zi = 10−5), even
though those models were built with the same underlying IMF, and
consequently the same probability of finding SNIa progenitors. The
correlations between [C/O] vs. [O/H], and [N/C] vs. [O/H] are dif-
ferent from those in figure 2, since the MS withZ = Z⊙, compared
to MS of primordial metallicity, eject substantially larger amounts
of C through stellar winds. Given the secondary origin of N, N
yields for Zi = 0.02 are higher than those for Zi = 10−5 but the
total yield of N is particularly high for masses below 12-15 M⊙
, stars that eject less O. This results in the [N/O] vs. [O/H] cor-
relation being less defined than for the Zi = 10−5 case, mainly
for [O/H] ∼ 0.25-0.26. High final [O/H] values show cases where
more MSs have enriched the ISM, therefore leading to high [C/O]
and low [N/O] and [N/C] values.
Also as expected, we see that the range of values covered by
the abundance ratios on the right hand side panels of figures 2-6,
those involving Fe, is always larger than what is seen in the corre-
sponding left hand side panels. As Fe is mostly produced by SNIa’s,
resulting from a subset of the binaries formed and overall repre-
senting a small fraction of the stellar population, stochastic effects
are apparent here for population numbers much larger than what
is required for the distributions of metallicities produced by larger
fractions of the complete stellar population to converge.
Figure 6. Abundance ratios after 13 Gyr of chemical evolution for closed
box models having 104.5 M⊙ of gas with an initial solar metallicity, and a
particular burst of star formation resulting in 1,600 M⊙ of stars, for each
of the points shown. We display with filled triangles the results of IMF
realizations where no SNIa appeared, filled squares cases where exactly one
SNIa appeared, filled circles those where exactly two SNIa appeared, open
triangles and open squares for the cases of three and four, respectively. The
thick crosses represent final abundance ratios when the IMF is assumed to
have been densely sampled, the infinite population limit.
Resulting metallicities and abundance ratios first display
highly scattered distributions with very large dispersions, distinct
groupings resulting from the small discrete numbers of the relevant
stars responsible for their production are apparent. As the stellar
populations increase, the distributions tend towards more regular
functions, which finally converge towards the infinite population
limit. The total number of stars at which each of the two above tran-
sitions takes place being a strong function of the fraction of stars in
the complete theoretical stellar population which contribute to the
elements in question. Also, these transitions occur at increasingly
lower total masses, as the initial metallicity of the gas which is be-
ing enriched by the modeled star formation burst increases, as seen
in going from the initial primordial metallicity sequence of figures
2-4, to the solar metallicity sequence of figures 5-6.
4 OBSERVATIONAL COMPARISONS
We now turn to comparisons of the spread in abundance ratios
shown by the models against measured properties of local dSph
galaxies. In figure 7 we show a compilation of the most recent
[O/Fe] vs [Fe/H] observational data for seven dSphs of the Local
Group: Draco, Ursa Minor, Carina, Sculptor, Fornax, Leo I, and
Sagittarius. To each galaxy there corresponds a different symbol,
as detailed in the figure caption. Error bars give the reported un-
certainties in the measurements of each metallicity point for each
galaxy. We see that in this small systems, a range of metallicities
is present, which can not be explained as being due to the obser-
vational errors associated to each individual star. The dSph galax-
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Figure 7. [O/Fe] and [Fe/H] in dSphs of the Local Group. Abundace
ratios and observational errors from giant stars: by Shetrone et al. (2001):
filled squares: Draco, open squares: Ursa Minor; by Shetrone et al. (2003):
inverted triangles: Carina, open triangles: Sculptor, stars: Leo I, ×: For-
nax; by McWilliam & Smecker-Hane (2005): filled circles: Sagittarius; by
Geisler et al. (2005): filled triangles: Sculptor; by Sbordone et al (2007):
open circles: Sagittarius. Data from planetary nebulae by Kniazev et al.
(2007): big hexagones: Sagittarius, big skeletal: Fornax. Symbols without
errors represent upper limits. In giant stars the typical error of [Fe/H] is 0.1
dex.
ies summarized in this figure show unequivocal internal spreads in
metallicity and abundance ratios
Most of the data were obtained from giant stars by Shetrone
et al. (2001), Shetrone et al. (2003), McWilliam & Smecker-
Hane (2005), Geisler et al. (2005), and Sbordone et al. (2007).
McWilliam & Smecker-Hane (2005) do not show in their figure
3 the metal-poor Sgr dSph star, I-73, ([Fe/H]=-1.03 dex) because
of its very deficient oxygen abundance ([O/Fe]=-0.91 dex), neither
do we in the left panel of our figure 7, but we consider I-73 in the
computation shown in figure 8.
Recently, Kniazev et al. (2007) have determined O and Fe
abundances in two planetary nebulae of the Sagittarius dSph and
one planetary nebulae in Fornax. To account for self-pollution they
corrected the [O/H] values in 2 planetary nebulae, by 0.27 and 0.90
dex, for Fornax and the most metal poor planetary nebulae in Sgr.
Since the different data sources assume different solar abun-
dances, we have homogenized the [O/Fe] and [Fe/H] values assum-
ing the solar abundances by Asplund et al. (2005). This correction
shifts points to higher [Fe/H] and [O/Fe] values by 0.00–0.07 dex
and 0.00–0.10 dex, respectively.
To better appreciate the internal dispersion in abundance ratios
for each of the galaxies in figure 7, in figure 8 we condense each of
the galaxies shown in figure 7 to a single point, with the position of
the symbol giving the error weighted mean of [Fe/H] and [O/Fe] for
each galaxy, using the same symbols as in figure 7. The size of the
bars on the symbols in figure 8 this time show the error weighted
standard deviation for the quantity being plotted on each axis. The
bars in this figure hence give the internal spread in [Fe/H] and
[O/Fe] values found for each galaxy. In fact, these galaxies present
Figure 8. Mean values and internal dispersions in [O/Fe] and [Fe/H] for
the local dSph galaxies of figure 7, considering giant stars and PN for each
dSph of our sample. Symbols for each galaxy are as in figure 7. Ursa Minor
is not shown because four of its five data points are [O/Fe] upper limits.
a range of [O/Fe] values at relatively narrow ranges in [Fe/H]. For
example, we see Sagittarius as the hexagon to the lower right, with
mean values of -0.5 dex and 0.06 dex in [Fe/H] and [O/Fe], respec-
tively, with the available collection of measurements for Sagittarius
showing an internal spread having a standard deviation of 0.9 and
0.5 in [Fe/H] and [O/Fe], respectively. In figure 7 we have 5 stars
(4 for Ursa Minor and one for Draco) with only upper limits in
[O/Fe], these have been excluded from consideration in producing
figure 8. We see that the usual identification of [Fe/H] as a time
scale probably serves only approximately in these cases, as we see
large internal dispersions on both axes, with no clear causal link
between them.
Most of the dSphs show [Fe/H] < -1, but Sgr is more metal
rich with -0.9 < [Fe/H] < 0. The dSphs shown present dispersions
in [O/Fe] of between -0.3 and +0.8 dex, with Draco and Sagittarius
being the dSphs with the largest dispersion, with σ [O/Fe] ∼ 0.8
and 0.6 dex, respectively. We see the well known trend for [O/Fe]
in dSph being lower than [O/Fe] values in disk and halo stars of the
solar vicinity at the same [Fe/H] values, see e.g. Venn et al. (2004).
We see in figure 8 that the internal dispersion of values re-
ported for the local dSph’s are larger than what our models yield
for primordial metallicity bursts of Mtot = 105.5 M⊙ , but smaller
than what we obtained at Mtot = 104.5 and primordial metallicity.
If one wanted to interpret all the observed internal scatter in abun-
dances as arising from the stochastic effects of IMF sampling, this
would suggest that star formation in dSph galaxies probably took
place in star forming complexes having total masses in the range
104.5 − 105.5 M⊙ . It is more probably the case that other effects
which can certainly not be ruled out, and which in all probabil-
ity also operate to some extent, are also at work, e.g. the dynamical
mixing and time evolution differences in the expansion of SN shells
of type Ia and type II explored by Marcolini et al. (2006). In any
case, we see that the effect we explored here is quite capable of re-
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Figure 9. Abundance ratios after 13 Gyr of chemical evolution of a closed
box model having 104.0 M⊙ of gas with an initial Z = 0.004, and a
particular burst of star formation resulting in 500 M⊙ of stars, for each
of the points shown. We display with filled triangles the results of IMF
realizations where no SNIa appeared, filled squares cases where exactly one
SNIa appeared, and filled circles those where exactly two SNIa appeared.
The thick crosses represent final abundance ratios when the IMF is assumed
to have been densely sampled, the infinite population limit.
sulting in significant internal abundance scatter in dSph, as is also
the case in the MW halo stars studied by Cescutti (2008).
We also note that the average metallicities for said models
agree with what most local dSph show, Sagittarius exempted. We
show a final set of models, analogous to those of figure 2, but this
time at the intermediate metallicity of Z = 0.004, and a total mass
of 104 M⊙ , seen in figure 9. The initial metallicity is higher than
primordial, leading to smaller variations than what is seen in fig-
ure 2, but larger than what resulted from the initial solar metallicity
cases of figure 5, all at the same total mass. Again, in figure 9 we
see the effect of the increase in stellar lifetime with increasing Zi
on the number of SNIa enriching the ISM. The number of models
with no SNIa at all is 4, 5 and 10 for the models with Zi = 10−5,
Zi = 0.004, Zi = 0.02, respectively, shown by the triangles in
figures 2, 5 and 9.
The above case is included to show that high internal spreads
as seen in Sagittarius, at average metallicities an order of magni-
tude higher than what all other dSph’s in the sample show, as seen
in Sagittarius, are still quite plausible as arising from reasonable
small mass star formation events. We have not attempted to tailor a
particular set of input parameters, total mass and initial metallicity,
(or even to include hypothetical inflows or outflows of gas) to ex-
actly reproduce the observations shown, but it is obvious that if star
formation in dSph’s took place in star formation complexes of total
masses of between 3 × 104.5 and 3 × 105.5, one need not invoke
changes in the intrinsic, underlying IMF, or any other physical ef-
fects other than the natural variations due to the poor sampling of
the IMF, to account for the observed scatter.
A general criticism which could be made of the interpreting
the observed internal dispersion in local dSph’s as arising from the
intrinsic variability of a poorly sampled IMF, is that the models we
have calculated give gas metallicities, resulting from the metal en-
richment due to the stars formed, and not stellar metallicities, which
is what the observations summarized report. However, we must
bear in mind that the star formation histories of local dSph’s typi-
cally display fairly complex time variations, frequently well mod-
eled as a series of distinct bursts. See for example, Hernandez et al.
(2000), Lanfranchi et al. (2006). Clearly, it is an initial star form-
ing phase what we might be modeling, proceeding in small mass
star formation complexes, and enriching locally the gas which then
goes on to form subsequent generations of stars, which form most
of the current stellar population in observed dSphs. That the ISM of
these galaxies has been poorly mixed, is evident from the observed
dispersions in abundance ratios.
5 MODEL TEMPORAL EVOLUTION
In this last section we explore the details of the temporal evolu-
tion of some of the various parameters which the chemical model
follows through time. We begin with figure 10 which gives the evo-
lution of a series of abundances in the ISM in the case Mtot = 104
M⊙ and an initial primordial metallicity for the gas, the same series
of models of figure 2.
The thin curves give the evolution of various [Xi/Xj] gas abun-
dances, for the distinct IMF realizations, as always, at fixed under-
lying probabilistic IMF. All models start at [Xi/Xj]=0.0 when Xi
and Xj are both heavy elements, as we have scaled the initial abun-
dances as solar, except for H and He.
The evolution of every [Xi/Xj] depends mainly on the partic-
ular collection of massive stars formed in the stochastic IMF, and
the onset of SNIa’s, due to the chance allotment of binaries in the
required mass range, for every particular model. In the panel giv-
ing [O/Fe] vs. [Fe/H] we can see that some models present a ver-
tical increase of [O/Fe] at very early times, the result of massive
stars with m > 40 M⊙ , which do not produce iron but contribute
plentiful oxygen. In other cases however, some models present a
decrease in this quantity at early times due to massive stars with
m < 15 M⊙ , which produce more iron than oxygen. Here again,
the low mass weighted IMF, and the strong leverage afforded by the
high mass weighted yields translates into large intrinsic variations
in abundances and metallicities, and in the evolution of this quan-
tities, simply due to the statistical sampling implied by the prob-
abilistic IMF. For comparison, the thick curve gives the outcome
for the infinite population limit, for the same fixed initial metal-
licity and underlying IMF. The distribution of particular outcomes
is clearly heavily skewed, with most occurrences to one particular
side of the infinite mass limit.
The general trend for [C/O] and [N/O] is similar, because at
that low Z, carbon and nitrogen are produced mainly in LIMS. The
delayed contribution to N and C by LIMS is shown by the increases
of [C/O] and [N/O] at high values of [O/H]. Models often present
abrupt nearly vertical increases in [N/O] and [C/O] ratios, due to
the explosions of individual massive stars with 8 < m < 10 M⊙
, having carbon and nitrogen yields higher or similar to oxygen
yields. Moreover, carbon yields for LIMS are negative for masses
between 6 and 7 M⊙ . The contribution of LIMS at Zi = 10−5 to
the [O/H] values becomes important when few SNII have exploded,
that is the cases for models with low [O/H] values. This explains the
secondary increases in [O/H] at late times, seen mainly in [C/O]
and [N/O] for [O/H] < -2.0, mainly.
As He is produce by massive stars and LIMS, every model
c© 2008 RAS, MNRAS 000, ??–13
10 L. Carigi and X. Hernandez
Figure 10. Evolution of abundance ratios and He vs. O values for a series
of bursts of 500 M⊙ enriching gas with an initial metallicity of 10−5. The
thick lines represent the evolution at the infinite mass limit. Filled circles:
stars and planetary nebulae in the Sagittarius dSph for [Fe/H]< −0.5. Cir-
cle size represent the typical error in abundance determinations, see figure
7. Star I-73 ([O/Fe]=-0.91) is included.
Figure 11. Evolution of [O/Fe] vs [Fe/H] for a series of bursts of 500
M⊙ enriching gas with an initial Z = 0.004. The thick line represents
the evolution at the infinite mass limit. Filled circles: stars and planetary
nebulae in Sagittarius dSph for [Fe/H]> −0.5. Bars represent typical error
in abundance determinations, see figure 7.
shows an increases in ∆Y . ∆O is higher for models that form
massive stars or at least one very massive star, see Carigi & Peim-
bert (2008). Again, we see a huge variation in the resulting values
and evolution of ∆Y and ∆O values, as at this low mass they are
parameters strongly sensitive to very small numbers of stars in spe-
cific critical mass ranges.
Since some of the data collected in this paper present [Fe/H]
ratios higher than those values shown in figure 10, we present in
figure 11 the evolution of [O/Fe] vs [Fe/H] in the ISM for random
IMF samplings of stellar populations of 500 M⊙ and initial Z =
0.004. The general behavior is similar as that for Z = 10−5, but
the dispersion in [O/Fe] and [Fe/H] is lower for Z = 0.004 since
the stars pollute a previously enriched gas.
The Sagittarius dSph is the galaxy with the most available data
and highest dispersion in [Fe/H] and [O/Fe] of our sample, as seen
in figures 7 and 8. Sagittarius presents at least 2 chemically sep-
arated stellar populations, one for [Fe/H]< −0.5 and another for
[Fe/H] > −0.5. We have overimposed each group of stars in our
predicted evolution of ISM [O/Fe] vs [Fe/H] for Z = 10−5 and
Z = 0.004, in figures 10 and 11, respectively. Based on the [O/Fe]
vs [Fe/H] evolution shown in those figures, we infer that the group
of stars with [Fe/H]< −0.5 formed from a gas enriched by stars
of low Z, while the second group, stars with [Fe/H]> −0.5 did
so in a well mixed ISM previously enriched by low Z stars and
then polluted randomly by the approximately Z = 0.004 stars of
the first group. The observed stars were probably formed in sub-
sequent bursts at different times and zones, with limited chemical
mixing among different galactic zones. The blurred character of the
[Fe/H] axis as a time axis becomes apparent, as distinct random re-
alizations reach a range of final [Fe/H] values, after being evolved
for a fixed time interval.
For the 21 sets of models we have computed the evolution of
the mean value, standard deviation and skewness defined as:
S =
√
n
∑n
i=1
(xi − x¯)3
(∑n
i=1
(xi − x¯)2
)3/2 , (1)
for all the [Xi/Xj] elements considered and Y values. The final two
figures, figures 12 and 13, show the temporal evolution of these
three important statistics for the ISM properties of the closed box
models calculated, all for the primordial metallicity case, at four
different total stellar masses, 500, 1,600, 5,000 and 16,000 M⊙
, given by the dotted, short dashed, long dashed and continuous
curves, respectively. Again, for comparison the infinite population
limit is given by the thick continuous curves, only applicable to the
leftmost panels where the mean values are displayed.
In both figures we see a clear trend in going from the small to
the large total masses, the mean values tend to those of the infinite
population limits, with both the standard deviations and skewness
falling towards zero, as expected. That the means appear away from
the infinite population limit is due to the fact that we have only
simulated a limited and relatively small number (∼ 60) of bursts at
each mass, the trends seen in the standard deviations and skewness
however, are rather robust to the total number of models run at each
mass. At the smallest total stellar masses of 500 and 1,600 M⊙ ,
we see large dispersions, and very large values for the skewness, as
inspection of the previous figures would have suggested.
For the lower two values of the total stellar mass, the stan-
dard deviation decreases as a function of time, mainly for [O/H]
and [Fe/H], due to the delayed contribution of LIMS and SNIa,
as the stochastic IMFs are mostly filled with low mass stars. That
is, the stochastic effects are more important for massive stars and
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Figure 12. Evolution of mean values, standard deviation and skewness of [Fe/H], [O/H], and ∆Y for models with initial Z = 10−5 and four different
masses of the star formation burst. Dotted lines for 500 M⊙ , short dashed lines for 1,600 M⊙ long dashed lines for 5,000 M⊙ and thin continuous lines for
16,000 M⊙ . In the leftmost panels the thick continuous lines represent results at the infinite population limit
therefore at the beginning of the evolution. The evolution of the
standard deviation of [O/H] and [Fe/H] determines the evolution
of the standard deviation of the other abundances ratios shown in
figure 13.
The skewness for [O/H] and ∆Y is positive because O and He
are produce by MS and both these yields increase with the stellar
mass for Z = 10−5. Since the stochastic IMF is weighted towards
low stellar masses, even more in the case of Mtot = 104 M⊙ ,
there are few models with very massive stars and therefore high
[O/H] and He values. That produces a positive tail in the distribu-
tion for [O/H] and ∆Y . The positive skewness in O/H produces the
negative skewness of [N/O] and [C/O].
We see in figure 12 that the skewness for [Fe/H] is negative,
this is due to the nature of the distribution function of secondary
masses for the binary system progenitors of SNIa, f(m2). This
f(m2) is heavily weighted towards intermediate mass secondary
stars, rather than to low mass secondary stars. Therefore, in our
models most SNIa come from secondary stars with short lifetimes.
Since the lifetime of these SNIa progenitors is determined by the
lifetime of the m2 star, there are, especially at early times, many
more models with many SNIa than models with no SNIa. This im-
plies that most models result in high [Fe/H] values and only few
models in low [Fe/H] values, those with zero or one SNIa. This last
produces a negative tail in the [Fe/H] distribution. This tail becomes
more negative along the evolution (absolute values for the skewness
of [Fe/H] increasing with time) because new SNIa explode with the
passing of time in some models, reducing the number of models
with no SNIa, the case of 500 M⊙ total stellar mass, or few SNIa,
in the cases of 1,600 M⊙ and 5,000 M⊙ total stellar masses. Con-
sequently, the skewness for the [O/Fe] distribution is positive, due
to the skewness in the [O/H] distribution being positive and that in
the [Fe/H] distribution negative.
The skewness increase with time for [O/H] in the models with
a total stellar mass of 500 M⊙ , due to the O contribution of LIMS
for t > 1 Gyr. O is mainly produced by MS, when the stellar popu-
lation has low total mass, the number of SNII is low and that causes
low [O/H] values. For populations with Zi = 10−5 the LIMS con-
tribution to O enrichment is delayed. Since the O yields of LIMS
are lower than the O yields of MS, by orders of magnitude, LIMS
can contribute appreciably to [O/H] values only in the cases when
few SNII appear. Since all models have similar numbers and types
of LIMS, but only few models have very massive stars (high [O/H]
values) the positive tail of the distribution increase with time.
6 CONCLUSIONS
After performing discrete samplings of a fixed IMF, and tracing the
chemical consequences of large samples of resulting stellar popu-
lations, we conclude the following:
For a fixed underlying IMF, a wide variety of metallicities and
abundance ratios can result from star formation events of fixed total
mass.
The distributions of such metallicities and abundance ratios
goes from discrete groupings of points covering 2-3 orders of mag-
nitude, to heavily skewed distributions ranging over about 1 order
of magnitude, to approximately normal distributions centered on
the infinite population limit, as the total masses involved are in-
creased.
The regimes where the above transitions take place, as the de-
tails of the resulting distributions, are heavily dependent on the ini-
tial metallicity of the gas being considered, with stochastic effects
growing as the initial metallicity decreases.
As expected, the stochastic effects are felt differently for dif-
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Figure 13. Evolution of mean values, standard deviation and skewness of [O/Fe], [N/O], and [C/O] for models with initial Z = 10−5 at four different
masses of the star formation burst. Dotted lines for 500 M⊙ , short dashed lines for 1,600 M⊙ , long dashed lines for 5,000 M⊙ and thin continuous lines for
16,000 M⊙ . In the leftmost panels the thick continuous lines represent results at the infinite population limit.
ferent heavy elements, those most affected being the ones which
result from smaller fractions of stars.
The temporal evolution of the parameters studied in the ISM
generally shows a slight tendency towards the infinite mass popu-
lation limit as time increases, a result of increasing fractions of the
stellar population reaching their relevant lifetimes.
It appears reasonable to infer that stochastic effects inherent
to the probabilistic nature of the IMF, becoming conspicuous at the
low mass star formation, low initial metalicity regimes relevant to
local dSph galaxies, might contribute to the observed dispersion in
abundance ratios seen in these systems.
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